


Ìîòèâàöèÿ

Ïóñòü (St)t≥0 � íåêîòîðûé ïðîöåññ, ýâîëþöèîíèðóþùèé âî âðå-
ìåíè.

• St îäíîçíà÷íî îïðåäåëåí äëÿ êàæäîãî t =⇒ àíàëèòèêà

• St îïðåäåëåí äî íàñòîÿùåãî ìîìåíòà t0 è íå îïðåäåëåí äëÿ áó-
äóùèõ t > t0 =⇒ íåîáõîäèìà ìîäåëü äëÿ ïðåäñêàçàíèÿ áóäó-
ùåãî ïîâåäåíèÿ ïðîöåññà.
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Ìîòèâàöèÿ

Îñíîâíûå çàäà÷è, ðåøàåìûå ïðè àíàëèçå ôèíàíñîâûõ èíñòðóìåí-
òîâ:

• Ïðåäñêàçàíèå: äàíà òåêóùàÿ öåíà S0, íóæíî ïðåäñêàçàòü öåíó
ST =? â áóäóùèé ìîìåíò âðåìåíè T > 0.

• Íàõîæäåíèå öåí ïðîèçâîäíûõ ôèíàíñîâûõ èíñòðóìåíòîâ:
ñïðàâåäëèâûå öåíû ôèíàíñîâûõ èíñòðóìåíòîâ ñ ïëàòåæíîé
ôóíêöèåé (payo�) f(ST ), ãäå (St)t⩾0 � öåíà áàçîâîãî àêòèâà
(underlying asset).

• Ðèñê-ìåíåäæìåíò: èçó÷åíèå ñîáûòèé âèäà
P (ST > A) = α, A =?
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Íåôèêñèðîâàííûé ïëàòåæ (contingent claim)
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Áàçîâûå ïðîöåññû äëÿ ôèíàíñîâûõ ìîäåëåé
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1-ïåðèîäíàÿ ìîäåëü ñ 2-ìÿ ñîñòîÿíèÿìè

• Âðåìÿ t = 0 è t = 1 (�ñåãîäíÿ� è �çàâòðà�)

• Áåçðèñêîâûé àêòèâ ñ ïðîöåíòíîé ñòàâêîé r ⩾ 0
($x ñåãîäíÿ → $x · (1 + r) çàâòðà)

• Ðèñêîâûé àêòèâ ñ öåíîé S0 ñåãîäíÿ è SH èëè SL çàâòðà
(SH > SL)
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Ðèñê-íåéòðàëüíîñòü â 1-ïåðèîäíîé ìîäåëè

Îïðåäåëåíèå Âåðîÿòíîñòè {QH , QL} íà ïðîñòðàíñòâå
Ω = {ωH , ωL} íàçûâàþòñÿ ðèñê-íåéòðàëüíûìè, åñëè

1. QH > 0 è QL > 0,

2. EQ(S1) = (1 + r)S0 (â ñìûñëå ñðåäíåãî çíà÷åíèÿ).

Òåîðåìà Â 1-ïåðèîäíîé ìîäåëè ñ 2-ìÿ ñîñòîÿíèè è îäíèì ðèñêî-
âûì àêòèâîì ðèñê-íåéòðàëüíûå âåðîÿòíîñòè ñóùåñòâóþò òîãäà è
òîëüêî òîãäà, êîãäà

SL < (1 + r)S0 < SH .

Áîëåå òîãî, åñëè {QH , QL} ñóùåñòâóþò, òî îíè åäèíñòâåííû.
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Ñëó÷àéíîå áëóæäàíèå

� ñëó÷àéíûé ïðîöåññ (Rn)n⩾0 òàêîé, ÷òî

Rn = X1 + . . .+Xn, R0 = 0

ãäå X1, . . . , Xn íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå ñëó÷àé-
íûå âåëè÷èíû ñ ðàñïðåäåëåíèåì

X -1 1

P 1− p p

0
n

Rn

1 2 3 4 5
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Áèíîìèàëüíàÿ ìîäåëü
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Áèíîìèàëüíàÿ ìîäåëü

Öåíà (Sn)n⩾0 òàêîâà, ÷òî S0 ôèêñèðîâàíà è

Sn = S0Y1Y2 . . . Yn

Èçìåíåíèÿ öåí Y1, Y2, . . . , Yn ÿâëÿþòñÿ íåçàâèñèìûìè îäèíàêîâî

ðàñïðåäåëåííûìè ñëó÷àéíûìè âåëè÷èíàìè ñ
Y d u

P 1− q q

Áàíêîâñêèé ñ÷åò Bn = B0(1 + r)n.

Ðèñê-íåéòðàëüíîñòü: E(S1) = (1 + r)S0 âëå÷åò q =
1 + r − d

u− d
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Ôèíàíñîâûå ïîíÿòèÿ
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Îïðåäåëåíèå ïîðòôåëÿ
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Îïðåäåëåíèå ïîðòôåëÿ
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Ïðèìåð (ïîðòôåëü èç àêöèé Google)
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Ñòîèìîñòü ïîðòôåëÿ
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Ðåïëèêàöèÿ (replication)
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Ðåïëèêàöèÿ Ôîðâàðäà
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Ðåïëèêàöèÿ Ôîðâàðäà
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Îïðåäåëåíèå ðåïëèêàöèè

Îïðåäåëåíèå Ïîðòôåëü H ðåïëèöèðóåò ïëàòåæ X

(â 1-ïåðèîäíîé ìîäåëè), åñëè

V1(H,ω) = X(ω) äëÿ âñåõ ω ∈ {ωL, ωH}.

Åñëè H ðåïëèöèðóåò X ìû îïðåäåëèì ñïðàâåäëèâóþ öåíó X êàê
V0(H). Îáîçíà÷åíèå: PV (X).

Âîïðîñû
1. Âñåãäà ëè ñóùåñòâóåò ðåïëèöèðóþùèé ïîðòôåëü?

2. ßâëÿåòñÿ ëè ðåïëèöèðóþùèé ïîðòôåëü óíèêàëüíûì?
(èëè, ïî êðàéíåé ìåðå, óíèêàëüíà ëè öåíà V0(H)?)
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Àðáèòðàæ
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Àðáèòðàæ
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Îïðåäåëåíèå àðáèòðàæà
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Ïðèìåð

Ñóùåñòâóåò ëè àðáèòðàæ â äàííîé ìîäåëè?
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Òîðãîâûå ñòðàòåãèè

Ðàññìîòðèì ïîðòôåëü H = (a, b(1), b(2)). ×òî, åñëè êîýôôèöèåí-
òû b(1), b(2) íà÷íóò ýâîëþöèîíèðîâàòü âî âðåìåíè, òî åñòü b(1) =

b
(1)
t , b(2) = b

(2)
t ?

• Êîýôôèöèåíòû b
(1)
t , b

(2)
t íàçûâàþòñÿ ïðåäñêàçóåìûìè, åñëè â

ìîìåíò t îíè çàâèñÿò îò öåí áàçîâûõ àêòèâîâ S1, . . . , St−1 äî
ìîìåíòà t− 1.

• Òîðãîâîé ñòðàòåãèåé íàçûâàåòñÿ ïðåäñêàçóåìàÿ ïîñëåäîâàòåëü-

íîñòü Ht = (at, b
(1)
t , b

(2)
t ), t = 1, 2, . . . , T , ãäå b

(i)
t � êîëè÷åñòâî

àêöèé i, êîòîðîå ìû ïîêóïàåì â ìîìåíò t− 1 (ìîæåò áûòü îò-
ðèöàòåëüíûì).

• Ñòîèìîñòüþ òîðãîâîé ñòðàòåãèè â ìîìåíò âðåìåíè t íàçûâàåò-
ñÿ

Vt(H) = a(1 + r)t + b
(1)
t S

(1)
t + b

(2)
t S

(2)
t = (Ht, St).
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Íåéòðàëüíîñòü ê ðèñêó (risk-neutrality)
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Ôóíäàìåíòàëüíûå òåîðåìû

Òåîðåìà (FTAP � fundamental theorem of asset pricing)

Ðèñê-íåéòðàëüíàÿ ìåðà Q ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà
â äàííîé ìîäåëè îòñóòñòâóåò àðáèòðàæ (NA):

∃Q ⇐⇒ NA

Òåîðåìà (2nd FTAP) Ìîäåëü ðûíêà ÿâëÿåòñÿ ïîëíîé òîãäà è
òîëüêî òîãäà, êîãäà ñóùåñòâóåò åäèíñòâåííàÿ ðèñê-íåéòðàëüíàÿ
ìåðà:

∃!Q ⇐⇒ Complete
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Ìàðòèíãàë (martingale)
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Äîõîäíîñòü ïîðòôåëÿ
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Ñðåäíÿÿ äîõîäíîñòü è ðèñê ïîðòôåëÿ
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Ìîäåëü Bachelier (1900)
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Îöåíêà øóìà è òðåíäà
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Ðàñ÷åò âîëàòèëüíîñòè
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Ñïàñèáî çà âíèìàíèå!

îíëàéí-êóðñ �Ìàòåìàòèêà íà ñëóæáå ó ôèíàíñîâ� :
https://icef.hse.ru/math-�nance

Êîíòàêò: ylyulko@hse.ru
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